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RECONSTRUCTION OF THE DIRAC-TYPE
INTEGRO-DIFFERENTIAL OPERATOR FROM NODAL DATA
BAKI KESKIN AND H. DILARA TEL
Abstract. The inverse nodal problem for Dirac type integro-differential op-
erator with the spectral parameter in the boundary conditions is studied. We
prove that dense subset of the nodal points determines the coefficients of dif-
ferential part of operator and gives partial information for integral part of
it.
1. Introduction
We consider the following boundary value problem L generated by the Dirac-
type integro-differential system with the spectral parameter λ in the boundary
conditions:
(1) ℓ [Y (x)] := BY ′(x) + Ω(x)Y (x) +
x∫
0
χ(x, t)Y (t)dt = λY (x), x ∈ (0, π),
subject to the boundary conditions
(λ cos θ + b1)y1(0) + (λ sin θ + b2)y2(0) = 0(2)
(λ cosβ + d1)y1(π) + (λ sinβ + d2)y2(π) = 0(3)
where θ , β, b1, b2, d1 and d2 are real constants and λ is the spectral parameter, B =(
0 1
−1 0
)
, Ω(x) =
(
V (x) +m 0
0 V (x)−m
)
, χ(x, t) =
(
χ11(x, t) χ12(x, t)
χ21(x, t) χ22(x, t)
)
,
Y (x) =
(
y1(x)
y2(x)
)
, Ω(x) and χ (x, t) are real-valued functions in the class of
W 12 (0, π), where m is a real constant. Throughout this paper, we denote p(x) =
V (x) +m, r(x) = V (x)−m and assume ∫ pi
0
(p(t) + r(t))dt = 0.
Inverse nodal problems were first proposed and solved for Sturm–Liouville oper-
ator by McLaughlin in 1988 [14] In this study, it has been shown that a dense subset
of zeros of eigenfunctions, called nodal points, uniquelly determines the potential of
the Sturm Liouville operator..In 1989, Hald and McLaughlin gave some numerical
schemes for reconstructing potential from nodal points for more general boundary
conditions. [9]. In 1997 Yang gave an algorithm to determine the coefficients of op-
erator for the inverse nodal Sturm-Liouville problem [18]. Inverse nodal problems
have been addressed by various researchers in several papers for different operators
([1], [2], [3], [6], [15], [16], [17], [20] and [21]). The inverse nodal problems for Dirac
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operators with various boundary conditions have been studied and shown that the
dense subsets of nodal points which are the first components of the eigenfunctions
determines the coefficients of discussed operator in [8], [19] and [22].
In recent years, perturbation of a differential operator by a Volterra type integral
operator, namely the integro-differential operator have begun to take significant
place in the literature.[4], [5], [7], [12] and [13]). Integro-differential operators are
nonlocal, and therefore they are more difficult for investigation, than local ones.
New methods for solution of these problems are being developed. For Sturm-
Liouville type integro-differential operators, there exist some studies about inverse
problems but there is very little study for Dirac type integro-differential operators.
The inverse nodal problem for Dirac type integro-differential operators was first
studied by [10]. In their study, it is shown that the coefficients of the differential
part of the operator can be determined by using nodal points and nodal points also
gives the partial information about integral part. In our study, we deal with an
inverse nodal problem of reconstructing the Dirac type integro-differential operators
with the spectral parameter in the boundary conditions. Firstly, we have obtained
a new approach for asymptotic expressions of the integral equations of the solutions
of such discussed problem. Secondly, more accurate estimates of eigenvalues and
nodal points have been calculated with the help of these asymptotics. Lastly, We
have proved that the operator can be reconstructed by nodal points.
2. Main Results
Let ϕ(x, λ) =
(
ϕ1(x, λ)
ϕ2(x, λ)
)
be the solution of (1) under the the initial condition
ϕ(0, λ) =
(
λ sin θ + b2
λ cos θ − b1
)
. It is easy to see that this solution is an entire function
of λ for each fixed x and t. One can easily verify that the function ϕ(x, λ) satisfies
(4)
ϕ1(x, λ) = λ sin (θ + λx) + b1 sinλx+ b2 cosλx
+
x∫
0
p(t)ϕ1(t) sin λ(x− t)dt+
x∫
0
r(t)ϕ2(t) cosλ(t− x)dt
+
x∫
0
t∫
0
{χ11(t, η)ϕ1(η) + χ12(t, η)ϕ2(η)} sinλ(x − t)dηdt
+
x∫
0
t∫
0
{χ21(t, η)ϕ1(η) + χ22(t, η)ϕ2(η)} cosλ(x− t)dηdt,
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(5)
ϕ2(x, λ) = −λ cos (θ + λx)− b1 cosλx+ b2 sinλx
−
x∫
0
p(t)ϕ1(t) cosλ(x− t)dt+
x∫
0
r(t)ϕ2(t) sinλ(t− x)dt
−
x∫
0
t∫
0
{χ11(t, η)ϕ1(η) + χ12(t, η)ϕ2(η)} cosλ(x− t)dηdt
+
x∫
0
t∫
0
{χ21(t, η)ϕ1(η) + χ22(t, η)ϕ2(η)} sinλ(x− t)dηdt.
Theorem 1. The functions ϕ1(x, λ) and ϕ2(x, λ) have the following asymptotic
expansions:
ϕ1(x, λ) = λ sin [θ + λx− ν(x)] + b1 sin [λx− ν(x)]
+b2 cos [λx− ν(x)] +m cos θ sin [λx− ν(x)]
+
b1m
λ
sin [λx− ν(x)] − m
2x
2
cos [θ + λx− ν(x)]
−b1m
2x
2λ
cos [λx− ν(x)] + b2m
2x
2λ
sin [λx− ν(x)](6)
−K (x)
2
sin [θ + λx− ν(x)] − b1
2λ
K (x) sin [λx− ν(x)]
− b2
2λ
K (x) cos [λx− ν(x)] + L (x)
2
cos [θ + λx− ν(x)]
+
b1
2λ
L (x) cos [λx− ν(x)]− b2
2λ
L (x) sin [λx− ν(x)] + o
(
e|τ |x
λ
)
,
ϕ2(x, λ) = −λ cos [θ + λx− ν(x)]− b1 cos [λx− ν(x)]
+b2 sin [λx− ν(x)] −m sin θ sin [λx− ν(x)]
−b2m
λ
sin [λx− ν(x)] − m
2x
2
sin [θ + λx− ν(x)]
−b1m
2x
2λ
sin [λx− ν(x)]− b2m
2x
2λ
cos [λx− ν(x)](7)
+
K (x)
2
cos [θ + λx− ν(x)] + b1
2λ
K (x) cos [λx− ν(x)]
− b2
2λ
K (x) sin [λx− ν(x)] + L (x)
2
sin [θ + λx− ν(x)]
+
b1
2λ
L (x) sin [λx− ν(x)] + b2
2λ
L (x) cos [λx− ν(x)] + o
(
e|τ |x
λ
)
.
for sufficiently large |λ| , uniformly in x, where, ν(x) = 1
2
∫ x
0
(p(t) + r(t))dt =∫ x
0 V (t)dt, K(x) =
∫ x
0 (χ11(t, t) + χ22(t, t))dt, L(x) =
∫ x
0 (χ12(t, t)− χ21(t, t))dt and
τ = Imλ.
4 BAKI KESKIN AND H. DILARA TEL
Proof. To apply the method of successive approximations to (4) and (5), put
ϕ1,0(x, λ) = λ sin (λx+ θ) + b1 sinλx+ b2 cosλx,
ϕ1,n+1(x, λ) =
x∫
0
p(t)ϕ1,n(t) sinλ(x− t)dt+
x∫
0
r(t)ϕ2,n(t) cosλ(t− x)dt
+
x∫
0
t∫
0
{
χ11(t, η)ϕ1,n(η) + χ12(t, η)ϕ2,n(η)
}
sinλ(x− t)dηdt
+
x∫
0
t∫
0
{
χ21(t, η)ϕ1,n(η) + χ22(t, η)ϕ2,n(η)
}
cosλ(x − t)dηdt,
and
ϕ2,0(x, λ) = −λ cos (θ + λx)− b1 cosλx+ b2 sinλx,
ϕ2,n+1(x, λ) = −
x∫
0
p(t)ϕ1,n(t) cosλ(x− t)dt+
x∫
0
r(t)ϕ2,n(t) sinλ(t− x)dt
−
x∫
0
t∫
0
{
χ11(t, η)ϕ1,n(η) + χ12(t, η)ϕ2,n(η)
}
cosλ(x− t)dηdt
+
x∫
0
t∫
0
{
χ21(t, η)ϕ1,n(η) + χ22(t, η)ϕ2,n(η)
}
sinλ(x− t)dηdt.
Then we have
ϕ1,1(x, λ) = −ν(x)λ cos (θ + λx)− ν(x)b1 cosλx+ ν(x)b2 sinλx
+m cos θ sinλx+
b1m
λ
sinλx− K (x)
2
sin (θ + λx)
− b1
2λ
K (x) sinλx− b2
2λ
K (x) cosλx+
L (x)
2
cos (θ + λx)
+
b1
2λ
L (x) cosλx− b2
2λ
L (x) sinλx+ o
(
e|τ |x
λ
)
,
ϕ2,1(x, λ) = −ν(x)λ sin (θ + λx)− ν(x)b1 sinλx− ν(x)b2 cosλx
−m sin θ sinλx− b2m
λ
sinλx+K (x) cos (θ + λx)
+
b1
2λ
K (x) cosλx− b2
2λ
K (x) sinλx+
L (x)
2
sin (θ + λx)
+
b1
2λ
L (x) sinλx+
b2
2λ
L (x) cosλx+ o
(
e|τ |x
λ
)
,
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and for nǫZ+
ϕ1,2n+1(x, λ) = (−1)n+1
ν2n+1 (x)
(2n+ 1)!
λ cos (θ + λx) + (−1)n+1 b1 ν
2n+1 (x)
(2n+ 1)!
cosλx
+(−1)n b2 ν
2n+1 (x)
(2n+ 1)!
sinλx+ (−1)nmν
2n (x)
(2n)!
cos θ sinλx
+(−1)n b1m
λ
ν2n (x)
(2n)!
sinλx+ (−1)n m
2x
2
ν2n−1 (x)
(2n− 1)! sin (θ + λx)
+ (−1)n b1m
2x
2λ
ν2n−1 (x)
(2n− 1)! sinλx+ (−1)
n b2m
2x
2λ
ν2n−1 (x)
(2n− 1)! cosλx
+(−1)n+1 ν
2n (x)
(2n)!
K (x)
2
sin (θ + λx) + (−1)n+1 b1
2λ
ν2n (x)
(2n)!
K (x) sinλx
+(−1)n+1 b2
2λ
ν2n (x)
(2n)!
K (x) cosλx+ (−1)n ν
2n (x)
(2n)!
L (x)
2
cos (θ + λx)
+ (−1)n b1
2λ
ν2n (x)
(2n)!
L (x) cosλx+ (−1)n+1 b2
2λ
ν2n (x)
(2n)!
L (x) sinλx
+o
(
e|τ |x
λ
)
,
ϕ1,2n(x, λ) = (−1)n
ν2n (x)
(2n)!
sinλx+ (−1)n ν
2n (x)
(2n)!
cosλx
+(−1)nmν
2n−1 (x)
(2n− 1)! cos θ cosλx+ (−1)
n b1m
λ
ν2n−1 (x)
(2n− 1)! cosλx
+(−1)n m
2x
2
ν2n−2 (x)
(2n− 2)! cos (θ + λx) + (−1)
n b1m
2x
2λ
ν2n−2 (x)
(2n− 2)! cosλx
+(−1)n+1 b2m
2x
2λ
ν2n−2 (x)
(2n− 2)! sinλx+
(−1)n+1
2
ν2n−1 (x)
(2n− 1)!K (x) cos (θ + λx)
+ (−1)n+1 b1
2λ
ν2n−1 (x)
(2n− 1)!K (x) cosλx+ (−1)
n b2
2λ
ν2n−1 (x)
(2n− 1)!K (x) sinλx
+
(−1)n+1
2
ν2n−1 (x)
(2n− 1)! L (x) sin (θ + λx) + (−1)
n+1 b1
2λ
ν2n−1 (x)
(2n− 1)!L (x) sinλx
+(−1)n+1 b2
2λ
ν2n−1 (x)
(2n− 1)!L (x) cosλx+ o
(
e|τ |x
λ
)
,
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ϕ2,2n+1(x, λ) = (−1)n+1
ν2n+1 (x)
(2n+ 1)!
sinλx+ (−1)n+1 ν
2n+1 (x)
(2n+ 1)!
cosλx
+(−1)n+1mν
2n (x)
(2n)!
sin θ sinλx+ (−1)n+1 b2m
λ
ν2n (x)
(2n)!
sinλx
+(−1)n+1 m
2x
2
ν2n−1 (x)
(2n− 1)! cos (θ + λx) + (−1)
n+1 b1m
2x
2λ
ν2n−1 (x)
(2n− 1)! cosλx
+(−1)n b2m
2x
2λ
ν2n−1 (x)
(2n− 1)! sinλx+
(−1)n
2
ν2n (x)
(2n)!
K (x) cos (θ + λx)
+ (−1)n b1
2λ
ν2n (x)
(2n)!
K (x) cosλx+ (−1)n+1 b2
2λ
ν2n (x)
(2n)!
K (x) sinλx
+
(−1)n
2
ν2n (x)
(2n)!
L (x) sin (θ + λx) + (−1)n b1
2λ
ν2n (x)
(2n)!
L (x) sinλx
+(−1)n b2
2λ
ν2n (x)
(2n)!
L (x) cosλx+ o
(
e|τ |x
λ
)
,
ϕ2,2n(x, λ) = (−1)n+1
ν2n (x)
(2n)!
λ cos (θ + λx) + (−1)n+1 b1 ν
2n (x)
(2n)!
cosλx
+(−1)n b2 ν
2n (x)
(2n)!
sinλx+ (−1)n+1mν
2n−1 (x)
(2n− 1)! sin θ cosλx
+(−1)n+1 b2m
λ
ν2n−1 (x)
(2n− 1)! cosλx+ (−1)
n m
2x
2
ν2n−2 (x)
(2n− 2)! sin (θ + λx)
+ (−1)n b1m
2x
2λ
ν2n−2 (x)
(2n− 2)! sinλx+ (−1)
n b2m
2x
2λ
ν2n−2 (x)
(2n− 2)! cosλx
+(−1)n+1 ν
2n−1 (x)
(2n− 1)!
K (x)
2
sin (θ + λx) + (−1)n+1 b1
2λ
ν2n−1 (x)
(2n− 1)!K (x) sinλx
+(−1)n+1 b2
2λ
ν2n−1 (x)
(2n− 1)!K (x) cosλx+ (−1)
n ν
2n−1 (x)
(2n− 1)!
L (x)
2
cos (θ + λx)
+ (−1)n b1
2λ
ν2n−1 (x)
(2n− 1)!L (x) cosλx+ (−1)
n+1 b2
2λ
ν2n−1 (x)
(2n− 1)! L (x) sinλx
+o
(
e|τ |x
λ
)
,
for sufficiently large |λ| , uniformly in x. Hence, the proof the theorem1 is completed
by successive approximations method. 
Define the entire function ∆(λ) by
(8) ∆(λ) = ϕ1(π, λ) (λ cosβ + d1) + ϕ2(π, λ) (λ sinβ + d2) ,
this function is called the characteristic function of the problem (1)-(3) and the
zeros of it, namely {λn}n∈Z , coincide with the eigenvalues of the problem (1)-
(3). From (6) and (7), we get the characteristic function ∆(λ) has the following
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asymptotic relation for sufficiently large |λ| ,
∆(λ) = λ2 {sin [λπ + θ − β]
+
b1
λ
sin [λπ − β] + b2
λ
cos [λπ − β]
+
m
λ
sin [λπ] cos(θ + β)− m
2πb1
2λ
cos [λπ + θ − β]
−K(π)
2λ
sin [λπ + θ − β] + L(π)
2λ
cos [λπ + θ − β]
+
d1
λ
sin [λπ + θ]− d2
λ
cos [λπ + θ] + o
(
e|τ |pi
λ
)}
.
Since the the roots of ∆(λn) = 0 are the eigenvalues of the problem (1)-(3), the
following equation holds
tan [λnπ + θ − β]×
{
1 +B + o
(
e|τ |pi
λn
)}
= C + o
(
e|τ |pi
λn
)
where,
B =
b1
λn
cos θ +
b2
λn
sin θ +
m
λn
cos(β − θ) cos(θ + β)
−K(π)
2λn
+
d1
λn
cosβ +
d2
λn
sinβ,
C =
b1
λn
sin θ − b2
λn
cos θ − m
λn
sin(β − θ) cos(θ + β)
+
m2π
2λn
− L(π)
2λn
− d1
λn
sinβ +
d2
λn
cosβ
which implies that,
tan [λnπ + θ − β] =
{
1−B + o
(
e|τ |pi
λn
)}
×
{
C + o
(
e|τ |pi
λn
)}
for sufficiently large |n| . It yields from the last equation that
(9) λn = n+
β − θ + C
π
+ o
(
1
n
)
for |n| → ∞.
Lemma 1. For sufficiently large |n|, the first component ϕ1(x, λn) of the eigen-
function ϕ(x, λn) has exactly n− 1 nodes
{
xjn : j = 0, n− 2
}
in the interval (0, π)
i.e.,
0 < x0n < x
1
n < ... < x
n−2
n < π. The numbers
{
xjn
}
satisfy the following asymptotic
formula:
xjn =
jπ
n
− jπ
n
β − θ
nπ
+
ν(xjn)− θ
n
− (ν(xjn)− θ)
(
β − θ
n2π
)
+
1
2n2
{
2b1 sin θ − 2b2 cos θ + 2m cos θ sin θ +m2xjn − L
(
xjn
)}
+o
(
1
n2
)
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Proof. From (6), we can write
ϕ1(x, λn) = λn sin [λnx− ν(x) + θ] + b1 sin [λnx− ν(x)]
+b2 cos [λnx− ν(x)] +m cos θ sin [λnx− ν(x)]
+
b1m
λn
sin [λnx− ν(x)] − m
2x
2
cos [λnx− ν(x) + θ]
−b1m
2x
2λn
cos [λnx− ν(x)] + b2m
2x
2λn
sin [λnx− ν(x)]
−1
2
sin [λnx− ν(x) + θ]K(x)− b1
2λn
sin [λnx− ν(x)]K(x)
− b2
2λn
cos [λnx− ν(x)]K(x) + 1
2
cos [λnx− ν(x) + θ]L(x)
+
b1
2λn
cos [λnx− ν(x)]L(x)− b2
2λn
sin [λnx− ν(x)]L(x)
+o
(
e|τ |x
λn
)
for sufficiently large |n| . From ϕ1(xjn, λn) = 0, we get
λn sin [λnx− ν(x) + θ] + b1 sin [λnx− ν(x) + θ] cos θ
−b1 cos [λnx− ν(x) + θ] sin θ + b2 cos [λnx− ν(x) + θ] cos θ
+b2 sin [λnx− ν(x) + θ] sin θ +m cos θ sin [λnx− ν(x) + θ] cos θ
−m cos θ cos [λnx− ν(x) + θ] sin θ + mb1
λn
sin [λnx− ν(x) + θ] cos θ
−mb1
λn
cos [λnx− ν(x) + θ] sin θ − m
2x
2
cos [λnx− ν(x) + θ]
−b1m
2x
2λn
cos [λnx− ν(x) + θ] cos θ − b1m
2x
2λn
sin [λnx− ν(x) + θ] sin θ
+
b2m
2x
2λn
sin [λnx− ν(x) + θ] cos θ − b2m
2x
2λn
cos [λnx− ν(x) + θ] sin θ
−1
2
K(x) sin [λnx− ν(x) + θ]− b1
2λn
K(x) sin [λnx− ν(x) + θ] cos θ
− b1
2λn
K(x) cos [λnx− ν(x) + θ] sin θ − b2
2λn
K(x) cos [λnx− ν(x) + θ] cos θ
− b2
2λn
K(x) sin [λnx− ν(x) + θ] sin θ + 1
2
L(x) cos [λnx− ν(x) + θ]
+
b1
2λn
L(x) cos [λnx− ν(x) + θ] cos θ + b1
2λn
L(x) sin [λnx− ν(x) + θ] sin θ
− b2
2λn
L(x) sin [λnx− ν(x) + θ] cos θ + b2
2λn
L(x) cos [λnx− ν(x) + θ] sin θ
+o
(
e|τ |x
λn
)
= 0
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then we get
tan [λnx− ν(x) + θ] + b1
λn
tan [λnx− ν(x) + θ] cos θ
− b1
λn
sin θ +
b2
λn
cos θ +
b2
λn
tan [λnx− ν(x) + θ] sin θ
+
m
λn
cos2 θ tan [λnx− ν(x) + θ]− m
λn
cos θ sin θ
− 1
2λn
K(x) tan [λnx− ν(x) + θ]− m
2x
2λn
+
1
2λn
L(x) + o
(
1
λn
)
= 0
which is equivalent to
tan
[
λnx
j
n − ν(xjn) + θ
]
={
1 +
2b1 cos θ + 2b2 sin θ + 2m cos
2 θ −K (xjn)
2λn
+ o
(
1
λn
)}−1
×
×
{
2b1 sin θ − 2b2 cos θ + 2m cos θ sin θ +m2xjn − L
(
xjn
)
2λn
+ o
(
1
λn
)}
=
{
1− 2b1 cos θ + 2b2 sin θ + 2m cos
2 θ −K (xjn)
2λn
+ o
(
1
λn
)}
×
×
{
2b1 sin θ − 2b2 cos θ + 2m cos θ sin θ +m2xjn − L
(
xjn
)
2λn
+ o
(
1
λn
)}
=
2b1 sin θ − 2b2 cos θ + 2m cos θ sin θ +m2xjn − L
(
xjn
)
2λn
+ o
(
1
λn
)
Taylor formula for the function arctangent yields
λnx
j
n − ν(xjn) + θ =
jπ +
1
2λn
{
2b1 sin θ − 2b2 cos θ + 2m cos θ sin θ +m2xjn − L
(
xjn
)}
+ o
(
1
λn
)
which is equivalent to
xjn = λ
−1
n
{
ν(xjn)− θ + jπ
+
1
2λn
{
2b1 sin θ − 2b2 cos θ + 2m cos θ sin θ +m2xjn − L
(
xjn
)}}
+o
(
1
λ2n
)
If we put
λ−1n =
1
n
{
1− ν (π)− θ + β + C
nπ
+ o
(
1
n
)}
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and considiring that ν (π) = 0 then we get
xjn =
jπ
n
+
(
ν(xjn)− θ
)
n
− jπ
n
−θ + β
nπ
+
(
ν(xjn)− θ
)(−θ + β
n2π
)
+
1
2n2
{
2b1 sin θ − 2b2 cos θ + 2m cos θ sin θ +m2xjn − L
(
xjn
)}
+ o
(
1
n2
)

Fix x ∈ (0, π) . Let X be the set of nodal points. One can choose a sequence(
xjn
) ⊂ X such that xjn converges to x. Then the following limits are exist and
finite:
f (x) := lim
|n|→∞
(
xjn −
jπ
n
)
n = −x
(
β − θ
π
)
+ ν(x) − θ
where
(10) f (x) = −x
(
β − θ
π
)
+
1
2
x∫
0
[p (t) + r (t)] dt− θ
and
g (x) := lim
|n|→∞
(
xjn −
jπ
n
+
jπ
n
−θ + β
nπ
− ν(x)− θ
n
)
n2
where
g (x) = (ν(x)− θ)
(
β − θ
π
)
(11)
+b1 sin θ − b2 cos θ +m cos θ sin θ + m
2x
2
− L (x)
2
Now,we can formulate the following uniqueness theorem and establish a constructive
procedure for reconstructing the potantial of the considered problem.
Theorem 2. The given dense subset of nodal set X uniquely determines the po-
tential V (x) of the problem, the function L′(x) = χ12(x, x)−χ21(x, x) of the partial
imformation of the integral part, a.e. on (0, π) , and the coefficients θ and β of the
boundary conditions. Moreover, V (x), L′(x), θ and β can be constructed by the
following algorithm:
(1) fix x ∈ (0, π), choose a sequence
(
x
j(n)
n
)
⊂ X such that lim
|n|→∞
x
j(n)
n = x;
(2) find the function f(x) via (10) and calculate
θ = −f(0)
β = −f(π)
V (x) = f ′(x) +
β − θ
π
(3) find the function g(x) via (11) and calculate
m =
√
2
g (π)− g (0)
π
L
′
(x) = −2g′ (x)− 2V (x)β − θ
π
+m2
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Example 1. Let
{
x
j(n)
n
}
⊂ X be the dense subset of nodal points in (0, π) given
by the following asimptotics:
xj(n)n =
j(n)π
n
+
(j(n)π/n)2 − πj(n)π/n− π
4n
+
1
2n2

b1
√
2− b2
√
2 + 1 +
j(n)π
n
− π
2
j(n)π
n
+
(
j(n)pi
n
)2
2


+o
(
1
n2
)
It can be calculated from (10) and (11) that,
f (x) = lim
n→∞
(
xj(n)n −
j(n)π
n
)
n
= lim
n→∞
{
1
4
(
j(n)π
n
)2
− π
4
j(n)π
n
− π
4
+
1
2n
{
b1
√
2− b2
√
2 + 1 +
j(n)π
n
− π
2
j(n)π
n
+
1
2
(
j(n)π
n
)2}
+o
(
1
n2
)}
=
1
4
x2 − π
4
x− π
4
g (x) = lim
n→∞


xj(n)n −
j(n)π
n
−
1
4
(
j(n)π
n
)2
− j(n)π
2
4n
− pi4
n


n2
= lim
n→∞
1
2
{
b1
√
2− b2
√
2 + 1 +
j(n)π
n
− π
4
j(n)π
n
+
1
4
(
j(n)π
n
)2
+ o
(
1
n2
)}
=
√
2
2
b1 −
√
2
2
b2 +
1
2
+
x
2
− πx
4
+
x2
4
Therefore, it is obtained by using the algorithm in Therem 2,
θ = −f (0) = π
4
β = −f (π) = π
4
v (x) = f ′ (x)− f (π)− f (0)
π
=
x
2
− π
4
m =
√
2
g (π)− g (0)
π
= 1
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L′(x) = χ12(x, x)− χ21(x, x) = −2g
′
(x)− 2V (x)β − θ
π
+m2 =
π
2
− x
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